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Abstract. In this paper, some new integral inequalities on time scales are 
presented by using elementarily analytic methods in calculus of time scales. 



1. Introduction 

The following problem was posed by the second author in the preprint [29] and 
its formally published version [28]. 



Open Problem 1.1. Under what conditions does the inequality 



[f(x)] p dx> 



f(x)dt 



p-1 



(1.1) 



hold for p> 1? 



Since then, this problem has been stimulating much interest of many mathemati- 
cians. In recent years, we have collected over forty articles devoted to answering 
and generalizing this open problem and to applying inequalities of this type. For 
potential availability to interested readers, we list the collection as references of this 
paper. 

In [3, p. 124, Theorem C], M. Akkouchi proved the following result. 

Theorem 1.1. Let [a, b] be a closed interval ofM. andp > 1. If fix) is a continuous 
function on [a, b] such that /(a) > and f'{x) > p on (a,b), then 



[f(x)r+ 2 dx> 



(b-a)P- 1 



f(x)dx 



(1.2) 



In [7, Proposition 3.5], the following g-analogue of the above Theorem 1.1 was 
obtained. 

Theorem 1.2. Let p > 1 be a real number and f(x) be a function defined on [a,b] q 
such that /(a) > and d q f(x) > p for all x G (a, b] q . Then 



[f{x)r +2 d qX > 



(b-a)P~ 1 



f(qx) d q 



1 p+1 



(1.3) 



The main aim of this paper is to generalize the above results on time scales. As 
by-product, an unified form of Theorems 1.1 and 1.2 is demonstrated when p > 2. 
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2. Notations and lemmas 

2.1. Notations. Throughout this paper, we adopt notations in the monograph [4]. 

A time scale T is a non-empty closed subset of the real numbers R. The forward 
and backward jump operators a, p : T — > T are respectively defined by 

a(t) = mi{s G T : s > t} (2.1) 

and 

p(t) = sup{s G T : s < t}, (2.2) 

where the supremum of the empty set is defined to be the infimum of T. 

A point t G T is said to be right-scattered if a(t) > t and to be right-dense if 
cr(t) = t; on the other hand, a point i e T with t > inf T is said to be left-scattered 
if p(t) < t and to be left-dense if p(t) = t. A function g : T — > R is said to 
be rd-continuous provided that g is continuous at right-dense points and has finite 
left-sided limits at left-dense points in T. In what follows, the set of all rd-continuous 
functions from T to R is denoted by C r£ z(T, R). The graininess function p, for a time 
scales T is defined by p(t) = <j(t) — t. For / : T — V R, the notation j" means the 
composition / o a. 

For a function / : T — >• R, the (delta) derivative f A (t) at t 6 T is defined to be 
the number, if it exists, such that for all e > 0, there is a neighborhood U of t with 

\f(a(t)) f(s) f A (t)(a(t) -s)\< e\a(t) s\ (2.3) 

for all s G U. If the (delta) derivative f A (t) exits for all t 6 T, then we say that / 
is (delta) differentiable on T. 



The (delta) derivatives of the product fg and the quotient £ of two (delta) 



/ 

9 

differentiable functions / and g may be formulated respectively as 

(fg) A = f A g + f a 9 A = fg A + f A g a (2.4) 



and 



f\ A f A g-fg A 



(2.5) 



,5/ 99° 
where gg a ^ 0. 

For 6, c G T and a (delta) differentiable function /, Cauchy integral of f A is 
defined by 



s: 



f A (t)At = f(c)-f(b) (2.6) 

ib 

and infinite integrals are defined as 

f(t)At Ii„, / /(/a/. (2.7) 



c— >oo 



An integration by parts formula reads that 

f f(t)g A (t)At = f(t)g(t)\ c b f C f A (t)g(a(t))At. (2.8) 

Jb Jb 

Note that in the case T = R, we have a(t) = p(t) = t, p(t) = 0, f A (t) = f'(t), and 

[ C f A (t)At= [° f'(t)dt, (2.9) 

Jb Jb 
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and that in the case T = ql, we have a(t) = t + q, p{t) = t — q, fi(t) = q, and 



rw = 



f(t + q)-f(t) 



(2.10) 



2.2. Lemmas. The following lemmas are useful and some of them can be found in 
the book [4]. 

Lemma 2.1 ([4, p. 28, Theorem 1.76]). If f A (x) > 0, then f(x) is non -decreasing. 

Lemma 2.2 ([4, p. 32, Theorem 1.90], Chain Rule). Let f : R — »■ R be continuously 
differ -entiable and let g : T — > R be delta differentiable. Then f o g : T —> R is delta 
differ entiable and 

if o g) A (t) = [f'(g(t) + hp(t)g A (t)} d/iJ 5 A (i). (2.11) 

Lemma 2.3 ([4, p. 34, Theorem 1.93]). Assume that v : T — > R is strictly increas- 
ing, that T = v(T) is a time scale, and that uj : T — > R. Ifv A (t) and w A (v(t)) exist 
for t G T, i/ien 

(wo W ) A = po»)/. (2.12) 

Lemma 2.4 ([4, p. 259, Theorem 6.13], Holder inequality). Let a,beT. If f,g G 
C rd (T,R), then 



I" \f(x)g(x)\Ax < \ f \f{x)\*>Ax\ \ f \g{x)\«bx 
where p > 1 and | + - = 1 . 

Lemma 2.5. Lef a, 6 G T. If f,g G C r d(T,R) are positive, then 



1/9 



(2.13) 



p/9 : 



(2.14) 



where p > 1 or p < w/wZe - + | = 1 . 

The equality in (2.14) ftoids if and only if f(x) — ag(x) for a > 0. 

Proof. For p > 1, using the inequality (2.13) in Lemma 2.4 leads to 



f(x)Ax 



6 fix) 



a Vg(i) 



<fg{x)Ax < 



[fjx)f 

a [g(x)} p/q 



A:, 



g{x)Ax 



1/9 



Further taking the p-th power on both sides of the above inequality yields (2.14). 

For p < 0, utilizing the inverse of Holder's inequality and similar argument as a 
little time ago result in the required inequality. □ 



Lemma 2.6. Let a,beT. If f,g G C rd (T,R) and 

fix) 



< TO < 



gix) 



< M < oo, 



(2.15) 



i/ien we /lave 
r 6 



/6 ]1/P[ rb 1 1/9 / M\ 1 / pQ f b 

f(x)Ax J g(x)Ax < f-j y / 1 /p(x) 3 1 /9 (2 . )AXj (2 . 16) 



w/iere p > 1 and - + - = 1. 
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Proof. From < M, it follows that 



and 

Accordingly, 



g 1/q (x) > M- 1 l (i ! 1 l q (x) 
f 1/p (x)g 1/q (x) > M- 1/q f 1/q (x)f 1/p (x) = M-V q f(x). 



[ f 1/p (x)g 1 / q (x)Ax 

J a 

On the other hand, from ^£4 > to, it follows easily that 

9 \ x ) 

f /Vp (x)g 1 / q (x) Ax 



1 1/p 




1/p 




> M- 1/pq 


f m Ax 

J a 




(2.17) 



-1 1/9 




1/9 




> to 1 ^ 


/ 5(s)Ai 

ya 




(2.18) 



Multiplying (2.17) and (2.18) leads to (2.16). 



□ 



Replacing f(x) and g(x) respectively by f p (x) and g q (x) in Lemma 2.6, it is 
immediate to obtain the following conclusion. 

Lemma 2.7. Let a,b E T. If f,g E C rd (T,R) and 

f p (x) 

< to < i-H- < M < oo, 



then 



1/p r /■& n 1/9 



< 

\ TO 



1/pg »b 



/ p (x)Ax / 5 9 (x)Ax 

a 

where p > 1 and i + - = 1. 

Remark 2.1. When T = K, Lemma 2.7 becomes [32, Theorem 2.1]. 

3. Main Results 
Now we are in a position to state and prove our main results. 
Theorem 3.1. Let a, b E T. If f E C r( j(T,K) is positive 

f f{x)Ax> (b-a) p -\ 

J a 

p-i 



f(x)g(x)Ax, (2.19) 



then 



I f(x)Ax 

J a 



f [f(x)] p Ax> 

J a 

where p > 1 or p < 0. 

Proof. Using Lemma 2.5 and the condition (3.1), we obtain 



(3.1) 
(3.2) 



[f(x)] p Ax 



rb i a JP-1 



V a 



p-i 



The proof of Theorem 3.1 is complete. □ 
Remark 3.1. Letting T = R and p > 1 in Theorem 3.1, we deduce [18, Theorem A]. 
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Theorem 3.2. Let a, b G T. If f(x) and cr(x) are rd-continuous and positive on 
[a,b], A-differentiable on (a,b), f(a) > /j,(a) > 0, and f A (x) > 1 + cr A (x) for all 
x G (a, b), then the inequality 



[f(x)}P +2 Ax > 



(b-a) 



p-i 



f(x)Ax 



p+i 



(3.3) 



is valid for p > 1 . 



Proof. By Lemma 2.5, we obtain 

r b 



f if(x)r+ 2 Ax = 

J a 



[/(*)] 



p+2 



1P+1 



-Ax 



P+2 



> 



p+i 



(riAx) 

[]lmAx^ S b a f{x) Ax 
(b-a)P- 1 (b-a) 2 ' 

So it is enough to show f(x)Ax > (b — a) 2 . For this, let 

F(x)= [ X f(t)At-(x-a) 2 . 

J a 

A simple computation yields 

F A (x) = f(x) -[x-a + a(x) - a] 

and 

F AA (x) = f A (x)-l-a A (x). 

Since F AA (x) > and 

F A (a) = /(a) - [a(a) - a] = /(a) - /x(a) > 0, 

it follows that F A (x) > F A (a) > 0. Therefore, by Lemma 2.1, the function F(z) 
is increasing. From F(a) = 0, it is easy to see that F(x) > F(a) = 0. The proof is 
complete. □ 

Remark 3.2. If T = K and p > 2, then a(x) = x, a A (x) = 1, f(a) > 0, and 
f A (x) > p > 2. Then Theorem 1.1 may be concluded from Theorem 3.2. 

Remark 3.3. If T = qZ and p > 2, then cr(x) = a; + q, & A (x) = 1, /(a) > <j > 0, 
and f A {x) > p > 2. Consequently, Theorem 3.2 becomes Theorem 1.2. 

Remark 3.4. When p> 2, Theorem 3.2 unifies both of Theorems 1.1 and 1.2. 

Theorem 3.3. Leta,b£ T andp > 1 with ± + ± = 1. IfO < m < p{x) < M < oo 
on [a, 61, then 



f p (x)Ax 



i/p 



< (6 - a )-(P +1 )/* (^j Vm 'J" f^{x)A 



(3.4) 



Proof. Putting g(x) = 1 into Lemma 2.7 yields 

/6 -\1/P / fb \ 1/<J 

/ p (x)Ax lAxj < 



)1/P9 /-b 
y /(x)Ax, 
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1/P / y\ 

~ \ m 

Substituting g(x) = 1 in Lemma 2.6 leads to 



[ f p (x)Aa 

J a 



(b-a)- 1 /" / f(x)Ax. (3.5) 

J a 



[ f(x)Ax 

J a 



<(6-a)-V«f^ 



f(x)Ax < {b-a)- p ' q 



(My 1/pq 



f/ p (x)Ax, 



\ m 



f 1 / p (x)Ax 



Combining (3.5) with (3.6), the inequality (3.4) follows. 



(3.6) 
□ 



Theorem 3.4. If f(x) is A-differentiable on the closed interval [a,b], f(a) = 0, 
and < f A {x) < 1 for all x 6 (a, b), then the inequality 



2 1 ~ P P [ f 2p - 1 (x)Ax< f f(x)Ax 



holds for p > 1 . 
Proof. Let 

F(x) 



f f(t)At -2 x ~ p p\ f 2p ~\t)At, x€(a,b). 

J a J J a 

Applying Lemma 2.2 and differentiating F(x) with respect to x give 

F A {x) = P g A (x) [ [g(x)+»(x)hg A (x)] p - 1 dh-p2 1 - p f 2p - 1 ( X ) 
Jo 

>P9 A {x) I [g(x)r- 1 dh- P 2 1 -Pf 2 P- 1 (x) 
Jo 

= pf(x)[g(x)] p - 1 -p2 1 - p f 2p - 1 (x), 

where g(x) = /* f(t)At and g A (x) = f(x). 

Since f(a) = and f A {x) > 0, it is easy to see that f{x) > f(a) = 0. 
It is clear that the inequality 

: -| p— 1 

f{t)At 



is equivalent to 



Let 



f f{t) At 

J a 



p-i r /2 

> 



2 1 - p f 2p - 2 (x) > 

/W 1 



, p> 1- 



G(x) 

Then, by Lemma 2.3, we have 



J a 



f(t)At - 



f 2 {x) 



G A {x)=f{x)- l -[f{x) + r{x)]f A {x) 

>f{x)-f{x)f A {x) 
= f(x)[l-f A (x)] 
> 0. 



(3.7) 
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Taking into account G(0) = 0, the inequality G(x) > follows. Thus, the proof of 
Theorem 3.4 is complete. □ 

Remark 3.5. If T = R, Theorem 3.4 reduces to [43, Lemma 3.5]. If T = R and 
p = 2, Theorem 3.4 becomes [28, Proposition 1.1]. 
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